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MATCHING BLiNCt!EDBEAMS TO ALTERNA”~!NGGRADIENT FOCUSING SYSTEMS*

Ualter P. LYsenko
Los Alamos National Laboratory,

YE!!Z)!
A numerical procedure for generating phase-space

distrihtions matched to alternating gradlent focusing
systems has been tested. For a smcoth-focusingsystem
8 matched distribution can be calculated. Uith a par-
ticle tracing simulation code such a distribution can
be followed while adiabaticallydeforming the focusing
fOrCeS Until an dib2HIating ~r~~iefit COnfi9UriItiOn 15

reached. The distribution remains matched; the findl
distribution is periodic with the structure period.
Exterral nonlinearities, including non!inear couplings,
wrre included in our examples but space charge was not.
This procedure is expected to Wbrk with rpace charge
but will require a 3-IIspace-charge calculation in the
simulation code.

Introduction

In th~ smooth approximation in which tht~focusinq
forces are explicitly time independent,a phas~-space
distribution is Said to be matched if it is con$tant in
time, SUCIIdistributionscan be formed by takifq
functions of the >ingle-particleIiamii:onidn(wh,ch
can include spat@ charge)

f(;,~) -F [H(d,f.1)]. (1)

This procedur~ yields equilibria btcause the Hamil-
tonian is conserved for time-independentsystems.

For periodic focusing systems a ~~tched phase-
space distribution is one that is periodic in time
with the same period as the focusin

?
forces. Because

the forces are time dependent, Eq, 1) cannot be used.
In the absence of any nonlinearities,matched distribu-
tions can be determined for periodir systems by the
Courant-Snyder theory, which results In elliptical
phase-space distributions, In this naper we present
the test results for a method th~t t,lcludesnonlinear
forces. Such matched distributions are obtained as
followt. A distribution matlhed to a smmoth-focusing
system containing the axial nonlinearity and R~ cou-
pling terms is proparod by the num?rictl code dZED79,
which usesEq. (l). This distribution, ropr::sentedby
G collection of macroparticles, is followed in the par-
ticle tracing simulation code HOT while the focusing
fortes we adicbaticolly deforwd until an alternating
gradient configuration is roached, Th@ distribution
remains matched; it evolves frmn a tlma=ind@penJent
distrluut!nn to one periodic with the St ucture pwiod.
An alternatinggradient structure is three-dimensional
and becausp the present HOT code dons not hive 3=D
Space-charqerapabilitias, the calculatiorw were done
withnut spaco charge, The new featurr studied ts the
timedeoondcnce of tho forcei. Space-tharge forces or
other ieatur~s of the focusing forces could be fncluded
,n the parttcle tracing code, and dis:rlb~tions matchea
to the ncw situation should result,

Oistributfon# Matchad to Sm@oth-Focosing Syst?ms.—— .——.-.. — --

Distributions matched tu a smooth-focusing systm
we gtneratad using Eat (1) with thr followlng choice
for the fun~tion F

I

H -:4, HO-H O
F(H)- O“ Ho -H>O (2)

B
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in which Ilnis a constant. This is one of Llle
functions ;sed in the one-d?gree-of-freedomwork by
Gluckstern, Chasman, and Craniall.* in the oresent
case we use a two-deqree-of-freedom,r-z H&~ltonian
to describ~~the noilrelativisticsingle-particlemotion.

k nkz cat05 ~
H(~,~)=~p2+$r2+#Z2 -

3fJA z
(3)

nkz cot es *
+

2’BA
r z + e~i(r,z)

The coordinates ; and mcwnentt6 are relative to the
synchronous particle with ra = X2 + ya and P2 ‘
pR~ + Py2 + Pza. The synchronous phase is os and
the space-charge potential is .$(r,z). Except for le
axial nonlinearity term (z’) and the RF coupling term
(riz), th@ method for producing a matched distribution
using the RZED code (RZED79 is the nonlinear version)
has been previously described,z Uith no space charg~
(I$“ O), the procedure is straightforwtird.

He started with a bedm matChed t~ a 2BA drift-
tube linear accelerator, assumin~ snmoth focusing with
a phase advance of 90° per focuslnq period in all di-
rections, He chose a large beam emlttance to mor~
clearly see nonlinear effects. To furiher rnhance non-
linear efft=cts the initial beam was traced for 20 fo-

cusing perlcids while increasing the focusing strenqths
of the smooth.focusinq forces so that the final phase
advar,ceswere 108° in all three directions. This new
“initial” beam was then used as the starting point in
the experiment to generate the tire-dependentmdtcherl
beam. The 108° tune is near the norlineal”2 ox + U7 =

360° resonance so that matchinq to the nonlinearity be-
comes more important,

Parameter Variatian in Particle Tracinq

Figure 1 shows the stl”engthsof the linear parts
of the focusing forces in the three directions over
one focusing period (fourRl cycles). The focusing
str?ngths are expressed in terms of instantaneous
phase advances per focusing period. A negative value
for the Instantaneous phase advance means the forc~
defocuses. The foius{ng period in fig. 1 starts with
an n-defocusing lens, follow@d by a drift, follouedby
on x-focusing lens, followed by a second drift. The
lens lengths are OA. At th? centers of the drifts
are RI qaps of lenqth flk/4.

The alternating radi?nt confiawration is
achieved as follows. !n the first focusing period of
the simulation, the focusing strerqths cre conslant
over the period. In subsequent focusing periud$, th~
focusfng strength in the x-direction i! decre~s@d in
the x-d~focusing lens re~lon and incrtatmd in th~ x-
focusing lens region so that the instantaneousphase
advknces in these regions are som now values 01 and
a;, respectively, In the drifts between the lenses,
t.b focusing strtngth Is set so tl,althe tnstanteneous
phdse advance there is (o + q)/2; in the y-directian,

1they are let so that the nstantanmous phase ndvances
art q, al, arid(al + q)/2 in the thrae r~gions,
respectively, In tha z=diltctton, tiv instantaneous
phase advance in the gaprcgion is Increswd and the
instantaneous phase advance in the region betwm the
qapt !s d-creased. At every focurningperiod, tht
strengths are than ed by a small ~unt until finally
al and

7
tire equa ! in magnitude but opposite /: :J,

and tha rifts contain no transverse forcot.
anial direction, the fintl configuration has forces
confined to tht gap region.



Fig. 1.
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The focusing strengtht in the three
directions are shown as functions of tinw
over one focusing period for th+ initial, an
internwdiate,and the final c~nftguration.

The phase advance p.srperiod is always 108”
in all directions.
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Matched b-am it focusing pwiod nutier 20,
The structure at this point IL srrmothfocus-
In with phas~ tdvances pcr pcrtod of 108” in

!al dtrectiom. The scatter plots show the
proj~ctions of the slx.dimens{s.ml phtse-spac~
coordinates of th? 10 000 macroparticles onto
the tuo-dinwsional phase=space planes, The
contour plots show contours of equal density
of points in the two-dhmsionhl proj~ctions.
The contours shuw6snsitles of0,7, 0,3, 0.1,
8od0.l)? in units of the ma~imum density,

Particle Tracing fimults-. —-—— ..-

Tho Intttalmatchud phase-space distribution wbs
ropres~ntcd in HOT by 10 000 macroptrticlm. Flguro 2s
shows the three 2-O phas~-spac~ projections at focusing
#orfod 20, uhero the focusing forcw arc sttll smooth,
Figure2b shows tha contours of oqIJildelslty In th~

same base planes. The contours represent densities of
0.7, 8.3, 0.1, andO.02 in units of the maximum phase-
space density. The axial phase-space shape is not el-
liptical because the beam is matched to the very non-
linear axial forces. This distribution was traced frnm
this point with acceleration still turned off while
bringing the focusing forces to the final alternating
gradient configuration in 100 focusing periods, The
phase advance per period was maintained at 108° in all
directions. At period number 120, the final alternat-
ing gradient configuration Is reached and the accelera-
tor parameters are held fixed as the distribution is
followed for 20 more focusing periods. Figures 3 and 4
show the contour plots at focusing period 121 dnd 1?6,
respectively. The distributions, ,.ttimes an integral
nuticr of focusinq periods apart, are very similar.
This IS the desired result: the distribution is
per{odic.

Because the phase-space projections are net el-
llpt~cal, the usual ellipse-fittil,g,area-measurement
procedure is not adequate. kc used a bin-counting
procedure, which was lCSS shape ciependent. The
statistical error in the 98% b!r-counting cmittmce of
the initia; beam of 10 000 macroparticles is 1.3%,

There are fluctuations in the 98% emittance of
23.5% (larqe ●mittance in the defocusing lens and
small in the focusing lens). Emittarce values, at
tin’wsan integral nunber of periods apart, ?re more
nearly constant. The worst potnt in the 2P periods
was at the x-defocusing l~ns in period 134, for which
the emlttance war 3.0% higher than at the correspond-
ing point of pertod 121. Because the emittance is ap-
proximately periodic, the emittance averagej ovnr a
p~riod is nearly constant. The 98% ●mittance aver-
aged in this way varies at most by +2.3%, at period
134, frmthe average at period 121. Another kind of
tverage, even more constant, is the W emittance
averaged over the three directions x, y, and z. Avtr-
aged this wcy, the fluctuations over a period almost

;%%:; :; ’2°;:’:::::J?;07:m:i’: %:he
This is an experimental result that could not h~ve been
predi~ted because, for more than one deqree of freelom,
there is rIoknown conservation law involvilq the emit
tantes.

Figure 5 shws the tim evolu’.lnnof the rms
~lttance in the x-direction. The general behavior of
the rm$ &mittance is similar to that of the 98% emit-
tance. The fluctuations are smaller (d2.4X) and the
ssaxlnsmchanqc in the emittance averaged ov~r a period
is smallk- (+1.2S). For h linear uncoupled system,
the rms amittance is conserved for any distribution,
evm a m!$matched one, The observed fluctuations arc
therefore caused by the nonlinearitie$,

For ~omparison, a uniformly filled ellipsoid in
6-D phbs? space was prepar~d with the Co~rant-Snyder
parametws chosen to match to the ltnear part of th@
focusing forcw. Because th~ nonlinearities were not
considered ic preparin the uniform di lrlbution,
there is a m!smatch. { igure 5 shows also !h~ results
?or th? uniform bmm.

The unifo?m beam’s tim evolution can b~ undpr.
stood to sow degree because the tune is near the
20~+o _ 3S0” resonance. This resonance is encit~d
in thp f!rst hwnonic of th@Rr couplinq potenttal.
Because R[couplfn is included in our mod?l and be-

!cause the beam is arge, we exp~ct this effect to bc
large. The ,@\nnant combination of g$ase advancel f~
36°; that is, 2 OH + o ~ - 360” “ 36 . According to
flrtt=order perturbation theory, the d~lttudas of the
oscillation tn tne x- and z=directtons should oscillate
w{th a perfod of 10 tocuslng periods (3600/36”). 6P.
cause of the sprnad of phases, we expect th? emittance
in both the x- and r-directions to tncreasb. After 10
focusing pertods we expect the distributor! to return
to its ortginal fmbecm.w it war matched to the
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(d) at exit of se~ond Rr gap

contour plots for matched beam at focusing
period number 121.

linear forces. BiI!because the perturbation theory
rrsult is not ekact.,there is iam? average em~ttance
growth.

Discussion

He have t:.sted the follcwinq procedure, To
produce a phese-soace distribution that is matched to
a 9iven structurt,we start.with a structure for which
an equilibrium distribution ~s known and deform the
structure adiabatically into the desired struc-
ture, following the distrihutlon with a partlCl?
tracing code. Our enarple shoxs that we can obtain a
distribution matched to an alternating 9radient
focu$in structure, fncluding the akial nonlinearity

‘1and non inear Rr coupl{n9 forces, starting frm a
distrlhution metched to an arimuthally syrsnetric,
$mcrth-focusing structure, This procedure f~,u,”ed In
d per!odic uistributicyneven thou~h the beam was 1,,.ne

and the tun? was near a nonlinear resonance, which ltd
to nonelliptlcal phase-space shapes, This matched
distributiondid not enhiblt the emlttance growth that
Occurred for an elliptical distribution with the
Courant-Snyderpara~ter$ determined by the linear
Part$ Of the focusin forr,es. This result is
encoura9tn9because ff It st!,l works wtth space
char9e in the future 3-D perttclc tractng code, it
madns we wI1l have dfstributtons matched to a very
rvalls!ic model of the accelerator.
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pprlod number 126, Note that corresponding
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in Fig. J.
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